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Abstract 

We show that subsingular vectors exist in Verma modules over W{2, 2), 
and present a subquotient structure of these modules. We prove conditions 
for irreducibility of a tensor product of intermediate series module with 
the highest weight module. Relations to intertwining operators over vertex 
operator algebra associated to W{2,2) is discussed. 

Also, we study a tensor product of intermediate series and highest 
weight module over the twisted Heisenberg-Virasoro algebra, and present 
series of irreducible modules with infinite-dimensional weight spaces. 
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1 Introduction 

Lie algebra W{2, 2) was first introduced by W. Zhang and C. Dong in |ZD) 
as a part of classification of simple vertex operator algebras generated by two 
weight two vectors. It is an extension of a well known Virasoro algebra Vir, 
and its representation theory is somewhat similar to that of Vir. Criterion 
for irreducibility of Verma modules over VF(2,2) was given in |ZDj . and the 
structure of those modules was discussed in [JPj . However, authors in [JPj 
overlooked an important fact - that a submodule generated by a singular vector 
is not necessarily isomorphic to some Verma module; and therefore missed an 
interesting possibility - a subsingular vector in Verma module. In Section [3] we 
present new results on structure of Verma modules (Theorem l3.ip . and formulas 
for subsingular vector. Necessary condition for existence of a subsingular vector 
is given, and many examples supporting a conjecture that this condition is 
sufficient are shown. 
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It was proved in |LZ] . that every irreducible weight module over W{2,2) 
with finite-dimensional weight subspaces is either the highest or lowest weight 
module, or a module belonging to an intermediate series. Modules with infinite- 
dimensional weight subspaces over afline Kac- Moody algebra (see [CP], [Adlj . 
[M2] . [M3] ) and Virasoro algebra ([Zh], [R2], [CGZ] ) have been studied re- 
cently, motivated by their connection with theory of vertex operator algebras 
(VOAs) and fusion rules in conformal field theory. Based on modules studied in 
these papers, we consider a tensor product of an irreducible module from inter- 
mediate series, and an irreducible highest weight module. We show in Section 
m how these modules can be obtained from intertwining operators for modules 
over VGA associated to W{2,2). In Section [S] we classify irreducible tensor 
products (Theorem [OJ . Existence of, and a formula for a subsingular vector 
is crucial in this analysis, since generic singular vectors are of no use (Theorem 
15. 7p . We show that a tensor product module contains an irreducible submodule 
with infinite-dimensional weight subspaces if and only if a subsingular vector 
exists (Corollarv l5.9p . Different highest weight modules occur as subquotients 
in reducible tensor product modules. Some of these subquotients are related to 
intertwining operators. 

In section [7] we discuss irreducibility of tensor product module over the 
twisted Heisenberg- Virasoro algebra at level zero. This algebra was studied 
in [B] , as it appears in the construction of modules for the toroidal Lie algebras 
|B2| . We present a rich series of irreducible tensor products. 

Acknowledgement I'd like to thank my advisor, prof. Drazen Adamovic for 
his ideas, guidance and patience. 

Some of these results were presented on a conference Representation Theory 
XII in Dubrovnik in 2011. and are a part of author's Ph.D. dissertation written 
under the direction of prof. D. Adamovic [Rlj . 

2 Lie algebra W{2, 2) 

W(2,2) is a complex Lie algebra with basis {Wn, Ln^C,: n G Z}, and a Lie 
bracket 

[Ln, Lni] ^ (n-m) Ln^m + Sn-rn — C, (1) 

[L„, W„] ={n-m) Wn+m + Sn~m J^^', 

[Wn,W^] = [C,C]=0. 

In this paper we write C — W{2, 2), a notation used in |LZ'. Obviously, {Ln, C, : 
n G Z} spans a copy of Virasoro algebra. Triangular decomposition is given by 
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C ^ C- ® Cq ® C+ where 



?i>0 

£_ = © (CL„ + CT4^„), 

n>0 

£0 = CLo + 'C-Wo + CC. 

However, Wq does not act semisimply on the rest of C. Algebra C is Z-graded 
by eigenvalues of Lq, namely = CL-n + CM^_„ + Sn.oCC. 

Let J7(/C) a universal enveloping algebra, and I a left ideal generated by 
{Ln,Wn,C - cl,Lo - /il. Wo - hwl : n e N} for fixed c,h,hw S C. Then 
y(c, ft, /ivf) := U{L)/X is Verma module with central charge c, and highest 
weight {h,hw) or, simply, with highest weight (c,h,hw)- It is a free U{L)- 
module, generated by the highest weight vector v := 1 + X, and a standard 
PBW basis 

{W-rn, ■ ■ ■ W-miL-nt ' ' ' L^^V : > • • ■ > mi > 1 , Tit > • ■ • > TT-i > 1 } . 

Throughout the rest of this paper, we assume that a monomial 

W-m, ■ ■ - W-ymL-nt - ■ ■ L^mV 

is given in PBW basis, unless otherwise noted. 

V{c, h, hw) admits a natural gradation by Lo-eigenspaces, i.e. weight sub- 
spaces: V{c,h,hw) = ®fc>o ^(c, ft, ftiy)*:- PBW vectors such that "^j + 
'^rij — k form a basis for T/(c, ft, ftvy)fe. Module y(c, ft, ftvi/) has a unique 
maximal submodule J{c, h, hw), and L{c,h,hw) = V{c, h, hw)/ J{c, h, hw) is 
unique, up to isomorphism, irreducible highest weight module with highest 
weight (c, ft, hw)- 

Theorem 2.1 ( |ZDj ) Verma module V{c,h,hw) is irreducible if and only if 
'ihw + ^ for any m £ N. 

Intermediate series £-modules are intermediate series Vir-modules with triv- 
ial action of Wn- For a,/? G C, define Va.^fi = spanj;.!?;^ : m G Z} with 

LnVrn = -{m + Q; + ^ + nl})Vm+n, CVm = WnVm = 0, 

for n,m €z 1^. Then Va,pfl = Va+k,i3,o for A; € Z, so when a G Z we may assume 
Q = 0. Module V^,/3,o is reducible if and only if a G Z and /3 G {0, 1}. Define 
K),o,o ■= VofififCvo, Vq i q := Cv„i ^ Vo,i,o and V/^j^g = Va,/3,o otherwise. 

Then ^ q are all irreducible modules from intermediate series. jLZj 

Theorem 2.2 ([LZ]) An irreducible weight C-module with finite- dimensional 
weight spaces is either highest (or lowest) weight module, or isomorphic toV/^^Q 
for some a, /? G C. 
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Tensor product ^ q®L{c, h, hw) carries an £-niodule structure with action 

x{vn iX) v) := xvn ^ w + (8) XV, for any x G £. 

Note that W,n{vn ($>v) = w„ (8) WmV. Like in Vir case, {w„ (g) w : n G Z} generates 
^ Q (g) i(c, /i, /ivk) (see ^ in Lemma [53]) . Moreover, all weight subspaces are 
infinite-dimensional: 

nez+ 

3 Verma module structure 

In this section we assume 2hw + ^T2~c = for some p G N. 

Some results of this section are similar to those presented in |JPj . and mo- 
tivated by fB^. However, since Wq does not act semisimply in general (unlike 
to Iq in Heisenberg-Virasoro algebra), submodules generated by some singular 
vectors in Verma modules are not isomorphic to Verma modules, so the maxi- 
mal submodule J(c, h, hw) is not necessarily cyclic on a singular vector. In fact, 
we prove existence of subsingular vectors in some Verma modules. Therefore, 
Corollary 3.6 and later results in jJP) are not correct in general. 

Using determinant formula, it was proved in 'JP^ (Proposition 3.1), that if 
2h\Y + ^ c = for some p G N, then a singular vector u G V{c, h, h-^)^ exists. 

We state the main result of this section, a structure theorem for Verma 
modules over the Lie algebra W{2, 2). 

2 ^ 

Theorem 3.1 Let 2hw + ^i^c = for some p G N. Then a singular vector 
vl G F(c, /i, /ivF)h-i-p n W such that u' = W-pV exists, and U{C)u' = V{c, h + 
p,h\Y). Images of vectors W^m, ■ ■ ■W-rniL-nt ' ' ' L-mV , such that rrii ^ p 
form a PBW basis for L'{c, h, hw) ■— V{c, h, hw)/U{C)u' . Moreover: 

(i) Let h ^ fe^y + (i3p+i)(p-i) ^ (1^ all ^ g ThenU{C)u' = J{c,h,hw) 

is a maximal submodule in V{c, h, hyy), and L'{c, h, hyy) = L[c, h, hw) is 
irreducible. 

(ii) Suppose L'(c, h, hw) is reducible. Then a subsingular vector u G V{c, h, hw) 

such that u = L^_p for some r G N exists. Vectors u and u' generate maxi- 
mal submodule J\c, h, hw), and images of W-m, ■ ■ ■ W-m^L-nt ■ • • L^mV 
in which neither W^p nor L'tp for k > r occur as factors, form a PBW 
basis for irreducible module L{c, h, hw) = ^(c, h, hw)/ J{c, h, hw)- 

We suspect L'{c, h, hw) is reducible if and only if ft, = hw + ''^^^"'"12^^""^^ 
^^~_^^P . Proof of Theorem 13.11 will be presented in a series of lemmas and theo- 
rems in the rest of this section. We follow the Billig's idea from [B] , also used 
in gP\. 
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Jiang and Pei introduced W-degree on 

deg^ L_„ = 0, degvi/ ^ 1, 
which induces Z-grading on U (£) and on V{c, h, hw) 

deg^y W-rn, ■ ■ ■ W^rniL^nt ' ' ' i-riiW = S- 

Obviously, this grading depends on a basis. 

For a nonzero x G V^(c, h, hw) we denote by x its lowest nonzero homo- 
geneous component with respect to M^-degree (in a standard PBW basis). If 
X € V^^{c, h, hw) and n > 0, then 

Wnx e V{c, h, hw)^k) ® Vic, h, hw)f[+,-) (2) 
Lr,x e V{c,h,hw)^k-i)®Vic,h,hw)^k)- 
We can define L-degree, likewise: 

degw i-« = f , degw VF_„ = 0. 

Let 

W = 1^(^)(C, h, hw) = {W^rn^ ■ ■ ■ W.ra.V : m, > ■ • • > mi > 0} . 

The following lemma from [JP) will be often used throughout this section 
(see also analogous result in [B]). 

Lemma 3.2 ((JP]) Let ^ x G V{c, h, hw) and deg^ a; — k. 

a) Ifx^W and n Cz N is the smallest, such that L^n occurs as a factor in one 
of the terms in x, then the part ofWnX of the W-degree k is given by 

- 1 \ dx 
2hw H — — c 



12 J dL^n' 

b) //a; e W, X ^ Cv and m gN is maximal, such that W^rn occurs as a factor 
in one of the terms ofx, then the part of L„iX of the W-degree k — 1 is 
given by 

^ rv? — 1 \ dx 
2hw H tt: — c 



12 J dW-„, ■ 

As a first application of this lemma, we have the following result from [ JP| . 

Lemma 3.3 ([JP]) Let 2hw + = 0. Then there is a singular vector 

u S V{c, h, hw)h-t-p such that u — W-pV oru — L^pV. 
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Now we define m„ inductively. Let uq = u, and u„ = w„_i — Then 
u = u^, where uq = L-pV ih W-pV. 

n>0 

The sum above is a decomposition of u by T4^-degree, i.e. degj^ Ui < degj^ uj 
if i < J. Moreover, u^T is homogeneous respective to M^-degree (all components of 

"2 

have the same V7-degree). For example u = L-sv + W-^v + W-iL^2V + W^iV. 

W) Ul U2 

Theorem 3.4 Let 2hw + ^-^c = 0. Then there is a singular vector u' G 
V{c,h,hw)p n W, such that u — W-pV. Moreover, U{C)u' is isomorphic to 
Verma module V{c, h + p, hw)- 

Proof. We know from Lemma 13.31 that there exists a singular vector in 
V{c, h, hw)p- If M = W-pV we set u' = u. Suppose that u = L^pV. then 
WqU = Hy/u + pu' and u' is obviously a singular vector such that u' — W-pV. 

Now we show that m' G W. Let n G N the smallest such that, for some i, 
L^i occurs as a factor in u^, and let deg^wj^ — k. Moreover, let m G N the 
smallest, such that L-m occurs as a factor in u'^. Obviously, m < p. Then 
by Lemma [3.21 a) the part of Wmu'^^ of the M^-degree k is nonzero. However, 
Wmu'n = Wmu' — Wmu'^^i — bccausc u' IS a singular vector, and m„_i G W 
by minimality of rt, so we got a contradiction and conclude deg^ u' — Q. 

Finally, since u G W, we have Wqu' = hwu' so U (£) u is a Verma module 
with the highest weight (c, h+ p, hw)- ■ 

Example 3.5 u' = W-iv is a singular vector in the Verma module V{c,h,0); 

u' = 4/^l^-i)w is a singular vector in the Verma module V{c, h, — c/8); 

u' — {W-3 — j^W-2W-i + j^W'^i)v is a singular vector in the Verma 
module V{c, h, — c/3). 

From now on, we use the following notation 

J'(c, h, hw) U {£) u, 

L'{c, h, hw) — V{c, h, hw)/J'{c, h, hw)- 

Let P2 (n) = X]"=o P{n — i)P{i), where P is Kostant partition function, with 
P(0) = 1. Then 

charT/(c, h, hw) = <?" ^2 W?" = " 9")^'- 

n>0 k>l 



6 



From Theorem 13.41 we get 



char J'(c, h, hw) 



n>0 



k>l 



char L'(c, h, hw) 



char V — char J 



q\l-qP)Y,P2{n)q 



n 



n>0 




k>l 



Lemma 3.6 Let ^ x E J'{c, h, h\y). Then there exist terms in x, containing 
factor W-p. 

Proof. We may write x = yu', where y S U{C-). Since U{C-^) has no zero 
divisors, we get x = yu' . However, u' = W-pV so every component in x with 
maximal length contains W-p. ■ 

Lemma 3.7 Denote by B' set of PBW vectors W^m^ ■ ■ ■ W-„iiL-nt ' • ■ L-mV 
modulo J' {c, h, hw), with nii ^ p. Then B' is a basis for L' [c, h, hw)- 

Proof. Since W-p cannot occur in a linear combination of vectors from _B', 
it follows from Lemma 13.61 that B' is linearly independent. Simple combina- 
torics shows that a character of a vector space spanned by B' equals q^{l — 
q^) ^n>o P2{n)q^, which proves B' is basis for L'{c, h, hw)- ■ 

Remark 3.8 // a singular vector u G V{c,h,hw) such that u = L-pV exists, 
then L'(c,h^hw) is reducible, and the image of u in L'{c,h,hw) "is a singular 
vector. Next we show that L'{c, h, hw) may have singular vectors of weight h+pr 
for any r eN, i.e. V{c,h,hw) may have a subsingular vector. Singular vector 
u is just a special case r — 1. 

Theorem 3.9 If L'{c,h,hw) is reducible, then there is u € L'{c,h,hw) such 

that u = ,-,v for some r E N. 
— p J 

Proof. Let u E L'{c, h, hw) \ Cv homogeneous vector such that £+u = (i.e. 
C+u E J'(c, h, hw) if we consider u as a vector in V{c, h, hw))- We may assume 
u is a linear combination of vectors from B' . Note that B' is closed under partial 
derivations — and — . 

Suppose u E W and u ^ Cv. Applying Lemma 13.21 b) we find to G N, 
m ^ p, such that LmU ^ and W-p does not occur in LmU. By Lemma [3.61 
LmU ^ J'(c, h, hw)i a contradiction. 

Therefore we may assume u ^ W. Let degw u = k and let n the smallest 
such that L-n occurs in u. By Lemma [3.21 a), component of WnU of the W- 



n = p. Let n' > p the smallest such that L-^' occurs as a factor in u. Since 




If n ^ p, we get contradiction again, so 




i=l 



7 



and ni — p or ni > n' the only component of u that produces part of W^-degree k 

is one in which L_„' occurs. That component equals n' (^2hw + " cj g^" ^ . 

Since n' ^ p and since W-p does not occur as a factor in u, we get ^ Wn'U G 
J'(c, /i, /ivf) such that W-p does not occur in Wn'U, again a contradiction with 
Lemma l3.6l Therefore if L_t occurs as a factor in u, then t — p. 

It is left to prove that u S CL'^_pV, i.e. that deg^yu = 0. Suppose that 
deg^y It = k, and let m the highest such that W-,n occurs as a factor in It. It is 

easy to see that part oiLmU of M^-degree k — 1 equals m {2hw + ™'i2^ '^ qw^ ■ 
Since, by Lemma f3.6[ m ^ p, we conclude that 7^ LmU G J'{c,h,hw) such 
that W-p does not occur as a factor in LmU, a contradiction, this proves that 
u equals i'lpW up to a scalar factor, so we set u = L^-pV. ■ 
Let us show that subsingular vector can exist. 

Example 3.10 u = L-iv is a subsingular vector in the Verma module V{c,0, 0); 
u = {L'^_i + ^W^2)'v is a subsingular vector in the Verma module V{c, — ^, 0). 



Our next goal is to find a necessary condition for existence of a subsingular 
vector. We still assume that 2hw + ^T2~c = 0. Suppose a subsingular vector 
u exists in V{c,h,hw), such that It = ULpV. Consider LpU G J'{c,h,h\y). 
Obviously, a component 

LpLLpV = (^^^^-J^c +2pJ2{h + ip)^ V'-p^v = rp{2h - 2hw + {r- l)p)L''-p\ 

occurs in LpU. Since LpU G J'(c, /i, hw)^ by Lemma [3761 a coefficient with V~pV 
in LpU has to be zero. The only components of u that contribute to UjT^v in 
LpU are \iW-iL^_J^L_(^p_i)V for i = 1, ... ,p — 1, and their contribution is 

Up + i){p - i) {2hw + LL-\ = 2A,/iM/*(2p - O^^i-;'^^- 

It is left to find A^. Consider LiU for i — 1, . . . ,p— 1. Vector XiLiW-iL'^Sp L -{^p_i-^v 
produces a component 

2 ^2 

The only other component contributing to L^S^^L^^p^i-^v in LiU is L'LpV, with 
a coefficient n(p + i)VS^L_(^p_i-^v. Since L'^S^ L-^p-i-^v can not occur in a 
vector from J'{c,h,hw), associated coefficient needs to be zero, which gives 
A, = — r „, ^ ., — ^. Now we have a formula for a coefficient of L'^ „ : 



rp(2/i - 2/ivi/ + (r - l)p) - 2rhw V i(2p - i)^ — ^ 

p ~ 1 



2h^i{p - i) 
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leading to 

, (13p+l)(p-l) , (l-r)p 

^ = + 12 + 

This proves the foUowing 

Theorem 3.11 Let 2h\Y + c = 0. // V{c,h,h\Y) contains a suhsingular 
vector u such that u = L^_pV, for some r £ N, then h = hy/ + _|_ 
(i-'')p 

2 

From Theorems 13.91 and l3.11l and Lemma [3771 we get: 

Corollary 3.12 Suppose 2hw + = 0. If h hw + ^^^p+iKp-i) + 0^ 

/or aZ^ r G N, then J'{c,h,hw) = J{c,h,hy[/) is a maximal submodule in 
V{c^h,hw), and L' {c^h,h\Y) = L{c,h,hy[') is irreducible module with PBW 
basis 

B' = {W-ra, ■ ■ - W-rniL-nt •••i-niW : m-j p} 

and a character 



charL'(c, h, hw) = q'\l - q') = q\l - q') U'^l q' 



n>0 k>l 



Assume now that a subsingular vector u G V{c, h, hw) exists, such that 
u = ULpV. We show U{C) {u,u'} — J{c,h,hw) is a maximal submodule in 
V{c,h,hw)- 

First we need a generalization of Lemma 13.21 to L' [c^ h, hw)- 

Lemma 3.13 Let x = W-m^ ■ ■ ■ W-„iiL-nt ' ' ' L-mV E L'{c, h, hw) such that 
ruj = p for some j , and mi ^ p for i ^ j . Then deg^^ x > k, if x is considered 
in a basis B' . 

Proof. We make use of relation w' = in L'(c, /i, hw)- This leads to W-pV = 
J2i ZiV, where deg^y Zi > 1. Then VF_pL_„u ~ {n — p)W-p-„v + ^'1^^ where 
deg^^ z[ = deg^^ Zi > 1- We continue by induction to prove W^pL^m ' ' • L^mV = 
where yiV G B' and deg^y yi > 1. Acting with W-rm for i j we get 

Lemma 3.14 Let ^ x G L'{c, h, hw) and deg,^ x — k. Ifx^W and n E N 
is the smallest, such that L_„ occurs as a factor in one of the terms in x, then 
the part of WnX of the W -degree k is given by 

n [2hw + -^cj 
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Proof. We see from ^ that the part of W^-degree k comes from WnX. Let 
y ~ W-mt ■ ■ ■ W-miL^m ■ ■ ■ L^mV, mj ^ p, a component of x. Then 

t 

and rit > n. If = n, we have 

so this part contributes with n{2hw + "12^ *^) 3^^ • 
If Ui > n, we get 

[I^„,L_„J (n + ni)H/„_„.. 

In case n — n.i ^ p we get a component with M^-degree fc + 1. Suppose n — rii — p. 
Then by Lemma l3.131 this component can be substituted by sum of components 
with VF-degree > k. This completes the proof. ■ 

Lemma 3.15 Ifu is a suhsingular vector such thatu — UL^v, then deg^ u — r. 

Proof. Consider u as a singular vector in L'{c,h,hw)- We use notation u = 
J2n>o '^tiere uq = ULp, and proceed by induction on n. Suppose deg^ uj < r 
for j < n. Suppose to the contrary, that deg^ > r. Denote by x the sum of all 
components in u„ of i-degree at most r and u„ = x + y. Note that by definition, 
is homogeneous respective to VF-degree. Say degj^It^ = k. Then deg^y = 
k. Let m the smallest such that L_m occurs as a factor in y. Obviously, m < p. 
We have y = u — J^i^o ul—x. By Lemma l3.14l the part of Wmy of the M^-degree 
k is m(2/ivy + "^^^ e) gf^ ^ 0. Since deg^ y > r, we have deg^^ Wmy > r. On 
the other hand <iegi^{J2"=o ul — x) < r so deg^ ^m(X)r=o^ ul — x) < r. Since 
WmU = in L' {c,h,hw)i we have Wmy = —WmCYll^o ^ ~ which is a 
contradiction. ■ 

Lemma 3.16 Let Q ^ x <^ U{C) {u,u'}. Then W-p or L'L^ for some k > r 
occur as a factor in some part of x. 

Proof. Suppose x is homogeneous. Let x — yu+zu'. If y G [/(£+), x e U{£)u', 
so we may apply Lemma 13.61 

Furthermore, vectors from Cqu contain L'ipV since 

WoL'ipV = hwL'Lp + rpW^pL'i-p^v, 

so X e CULp. Finally, for y £ U{C-), x must contain L'^p for some fc > r as a 
factor in the longest component of x. ■ 

For a PBW monomial x — W^m, ■ ■ ■ W-miL^m ' • ' L^^v define L_p-degree 
as a number of factors L-m = L-p, i.e. deg^_ x = \{i G {1, . . . ,t} : Ui = p}\- 
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Lemma 3.17 Let B the set of all PBW vectors W-m^ ■ ■ ■ W-miL^m ■ ■ ■ L^mV, 
such that rrij ^ p, and with L^p-degree less than r. Then B is a basis for 
V{c,h,hw)/U{C){u,u'}. 

Proof. From Lemma 13.161 follows linear independence of B. Next we show 
that a e V{c, h, hw)/U{C) {u, u'} can be represented in B. Since U{C) {u, u'} 
contains J'{c,h,hw), we can represent a in B' , i.e. without W-p as a factor. 
Suppose a contains monomial W-m^ ■ ■ ■ W-miL-m • ■ ■ L-mV with L_p-degree 
greater than r — 1 . We use relation 

= u = L''_pV + ^Xi, degi < r, deg^^^ x^ < r (3) 

to eliminate every occurrence of a factor L^_p. 

Step 1 Acting with W-m, ■ ■ ■ W-m^ on ^ we immediately get 

and Lip can not occur on the right side. 
Step 2 Let Til > p. Acting with • • • on ^ we get 

L^nt ■ ■ ■ L^mLLpV = X! degL_p = deg^_^ x, 

because [i-n, L-m] can not produce L_p if n > p. So ULp does not occur 
on the right side. 

Step 3 Let n < p. Acting with L_„ on ^ we get 

VipL^nV = ^ Zj, deg^ Zi<r + l, deg^_^ zi < r. 

the only part that can produce Lip comes from L-^wUSp L_(^p_n)V for 
some w G W (because deg^ u = r). From this we get {p — 2n)'wU_^v and 
we may apply Step 1 to eliminate this component. 

Proceed by induction. Suppose that for every ji, . . . , Jn-i, there exist Ui, 
such that deg^^ Ui < r + n — 1, deg2^_^ Ui < r and L'^_pL^j^_-^ ■ ■ ■ L^j^v = 
'^Ui. Acting with L_j„ we get 

L'-p^-j^ ■ ■ ■ L-jiV = ^ Wi, deg^ <r + n, deg^_^ Wi < r. 

Part on the right side that can produce Lip has to come from monomial 
L-nwL'^Sp^ L^ki ■ ■ ■ L^kiV with i < n for some w € U{C-). From this 
we get w' LLpL^k'i -^ ■ • ■ L-k{V and by induction this component can be 
replaced with a vector from B. 

This completes the proof. ■ 
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Theorem 3.18 Let 2hy/ + ^ c = 0. If V{c,h,hv/) contains a suhsingular 
vector u such that u = L^LpV, for some r G N, then J{c, h, hw) = U{C) {u, u'} 
is the maximal suhmodule, and L{c,h,hw) = V{c,h,hw)/ J{c,h,hw) is irre- 
ducible module with PBW basis 

B = ^x = W-m, ■ ■ ■ W-m^L^nt ■ • -i-mW : ruj ^ p,degi^_^ a; < r| 

and a character 

charL(c, h, hw) = 

= q\l - qP)(l - q^P) ^ Ps^g" ^ q\l - q^l " q^-^ g')"'- 
n>0 k>l 

Proof. Let 7^ a; £ V{c, h, hw) such that U{jC+)x C J(c, h, hw)- We may view 
homogeneous vector presented in B. Analogous to proof of Theorem 
13.91 one can show that x = CL'LpV for some s G N. From Lemma 13.171 we 
conclude s < r so we have found x G V{c,h,hw), such that U{£+)x S U{C)u' 
and X = L'LpV for s < r. This is a contradiction to Theorem 13.111 proving 
irreducibility of L{v, h, hw)- 

Simple combinatorics on B shows that 

char L(c, h, hw) = 

= «M II ^2(n)«" -q^'Y. ^2(n)(z" - q''P J] P2(n)g" + g^'+'^P ^ ^2(^)5" 

\n>a n>0 n>0 n>0 

= q'\l - qP){l - g'-P) ^P2(n)g" = ^"(1 - gf)(l - q^nU^^ - 9')"' 
Ji>0 fe>l 

so all claims are proved. ■ 

This completes the proof of Theorem 13. II 

Note that char J(c, h, hw) — char V{c, h, hw) — char L(c, h, hw) so 

char J(c, h, hw) = + g^''"^^^ - g"^^) J2 ^2(")9" = 

n>0 

fe>i 

From there we get 

charJ(c,/i,/iH')/J'(c,/i,/iH') =9^+'^^(l-9'')X1^2H'?" = 

n>0 
k>l 

SO 

J{c, h, hw)/ J'{c, h, hw) — L'{c, h + rp, hw) = L(c, h + rp, hw)- 
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Last equation is due to 



(13p+l)b-l) (l + r)p 
h + rp = hw+ ' - + ' ^ ' .r^ 



and Corollarv l3.12l 

Since uva.odJ'{c,h,hw) generates J{c,h,hw)/ J'{c,h,hw), we get Wqu G 
hwu + J'{c, h, hw)- 

Likewise, 

char_L'(c, h, hw)/L{c, h + rp, hw) = charL(c, /i, ft-w)- 

Corollary 3.19 // Verma module V{c,h,hw) contains a suhsingular vector u, 
such that u = L^pV, then the following short sequence is exact 

— ?> i(c, h + rp, hw) -> L'{c, h, hw) Lie, h, hw) — > 0. 

Since three modules are irreducible, L{c, h + rp, hw) is the only nontrivial sub- 
module in L'{c,h,hw)- 



Next we present examples of singular and subsingular vectors in simplest 
cases. 

Singular vector u' £ W : 



hw — 




c = —8hw 




c = —3hw 


(W-^-j^W.,W., + j^W^_,)v 


c = -^hw 




c = —hw 





Let r = 1. Then subsingular vector u is actually singular vector on level 
p. By Lemma 13.151 we can write u — wqv + X^f^i '^iL-iV + L-pV, where Wi G 
U (>C_)p_j, deg^ Wi — 0. Acting with Wp—n we get recursive relation for Wn, n = 

2 _ 2 2 _ -I 

1, . . . ,p—l. We use identity [Wn, L^n]v = 2hwn \_pi v since 2hw + ^T2~c = 0. 

= Wp-iu = Wp^i[Wp-i, L_(p_i)]v + [Wp-i,L^p]v = 
2p-l 

Y'2hwWp^iv + {2p-l)W-iv 



so Wp-i 

general: 



P 

Next we act with Wp-2 to get Wp_2 and so on. In 

p2 - 1 



2hwn{n^ y^£^^ 



(n + i) W^_(,_„) + {n+p) W^_(p_„) 
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Since Wqu = hwu+pu' (wc put scalar p to have u' = W-pv), we may freely 
chose coefficient of W-pV in wq, so we assume W-pV does not occur in u. 
(Sub)singular vector u, when r = 1 : 



h = hw = 




h = hw + j 




h = hw + 3^ 




= /iw + f 


(^^4 - ^W.,L_s - ^W_,L_, + M^W\L., 

+^^i^^^2 + jft + 1) ^^^) ^ 


Using computer, we have found formulas for singular vectors u up to level 
Subsingular vectors u in F(c, -'^j 0) : 


8 


h = hw = 






h=-i 




h = -l 






(L^ 1 + ^T4^_4 + ^W-^L^i + ^W'\ + '-^W-2L'^ i) V 


h=-2 





Conjecture 3.20 Let u € ^(c, ^^,0) a subsingular vector. Then L-k for 
k > 1 does not occur as a factor in u. Specially, Wqu, W-iu G J'{c, 0). 

Subsingular vector u in V{—8hw, hw + f , hw) (p = r = 2 case): 
\ Ahw K^^w ^hw J 2hw 2hw 

f ^ 117 \ . ^ f 135 153 9 \ . \ 

Based on these examples, we state 

Conjecture 3.21 Suppose 2hw + ^^[^c — for some p gN. Then L' {c, h, hw) 
is reducible if and only if h = hw + ^'^^^"'"12^^"^^ + ^^~2^^ . 
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Remark 3.22 Let 2hw + ^j^c 0. Then U{C)u' = V{c,h + p,hw) C 
V{c,h,hw)- However, V{c,h + p,hw) also contains a singular vector {u'Y 
such that U{C)(u'Y = V{c, h + 2p, hw) and so on. Therefore, 

• ■ • 3 V{c, h, hw) 2 V{c, h + p, hw) 2 ■■■ 2 V{c, h + kp, hw) 2 ■■■ 

If h ^ hw + (-'-■^P+^^^P -|- '^^~^)P Jqj- oil n a Ij, then all the subquotients 
V{c, h + kp, hw)/V{c, h + {k + l)p, hw) are irreducible modules L{c, h + kp, hw)- 



4 Vertex operator algebra associated to W{2, 2) 
and intertwining operators 

Let c / 0. It was shown in |ZD) that L(c, 0, 0) is the only quotient of V{c, 0, 0) 
with the structure of a vertex operator algebra (VOA). This algebra is always 
irrational, and all of its irreducible representations are known: 

Theorem 4.1 ([ZD]) Letcy^O. Then 

1. There is a unique VOA structure on L(c, 0,0) with the vacuum vector v, 
and the Virasoro element lo = L_2V- L(c, 0, 0) is generated with uj and x = 
W.2V andY {uj,z) = Y.^^^L^z-^-^ , Y{W-2V,z) = Y.nezWnZ-"-^ . 

2. Any quotient module ofV{c, h, hw) is an L{c, 0, 0)-module, and {i(c, h, hw) ■ 
h, hw G C} gives a complete list of irreducible L{c, 0, 0)-modules up to iso- 
morphism. 

Now we present a realization of intermediate series via intertwining operators 
for L(c, 0, 0)-modules. 

Definition Let Mi, i = 1,2,3 modules over VOA V = {V,Y, 1). Linear map 
I:Mi®M2-^ M'iiw] = |l]„GQ • ^ Mk^, or, equivalently, 

I : Ml (Hom (Afa, Mg)) {z] 
T(u, z) = ^ M„z~"^\ with Un e Hom {Mj,Mk) , 

is called an intertwining operator of type (j^jf^^j^j^) if it satisfies: 

i Truncation property - For any u G Mi, v £ A/2, UnV = for n >> 0; 

ii L^i-derivative property - X{L^iw,z) = -^I{w,z) for any w £ Mi; 

iii Jacobi identity - for any a ^ V , u ^ Mi and v e M2 

= Z2^5 ( — — ) X{Y{a, zo)u, Z2)v 
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Let M(c, h, hw) denotes a highest weight module. Suppose a nontrivial 
intertwining operator I of type iL'(c,huO)'''M(%l2,hw)^ exists. Let hi ^ and 
V G L'{c,h,0) the highest weight vector. Let I{v,z) = X)nez ^(n)-^ ^'^^ 
a = hi + h2 — hy,. Rccah that Wqv = W-iv = 0. Then 

= (^-l^^)(m+n+l) + (m+ 1) (iow)(„+„) = 

= -{a + n + m+1) + (m + 1) /).iW(m+„) = 

= - (n + a + (1 + m) (1 - hi)) «(,„+„) 

and 

= (l^-l^)(™+n+l) + ("^ + 1) (VKot^)(™+„) = 

so components W(„) span a module from intermediate series ^ q for /3 = 1 — /ii. 
We have a nontrivial /^-operator 

* : VLp^o'^ M{c,h2,hw) M{c,h3,h'y^), $(u(„) ® x) =V(^„-)X. 

Since dimensions of weight subspaces are infinite in ^ q (8) Af(c, /i2, /iw) and 
finite in M(c, /13, /I'^y), we conclude that ^ g (g) M(c, /12, /ii^) is reducible. 

Let us mark some intertwining operators. Since M{c,h,hw) is L(c, 0,0)- 
module, there exist intertwining operators of type {ij(^c o^)'^'^(^h hw)) ^ ^^'^ 
transposed operators (^^^^^ ffh'n!)''^T,{c 0)) ■ particular, operators of type 

/ L{c,h,0) \^^^( i'(c,/i,0) 
\L{c,h,0) L(c, 0,0)7 \L'ic,h,0) L(c,0,0) 

exist. 

5 Irreducibility of a module V^i^q<S) L{c, h, hw) 

We state the main result of this section immediately: 

Theorem 5.1 Module ^ L(c, h, hw) is irreducible if and only if there is a 
suhsingular vector u in V{c,h,hw), such thatu = L^_pV, and if a+{l—p)l3 ^ Z. 

We shall prove this theorem in several steps, using analogous approach as 
in Virasoro case (see |R2j ) . First we show that some relation in L{c, h, hw) is 
needed to obtain irreducibility. 

Theorem 5.2 Module a q(E> V{c, h, hw) is reducible. 
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Proof. Let v the highest weight vector in V(c, h, hw)- We show Vk(^v generates 
a proper submodule, for any k € Z. Assume otherwise. Then w exists in 
(7(£), such that ®v)= Vk-i ® v. Since /7(£+)u = 0, we have Vk-i (S) v = 
Sr=o '"^i+i(^fe+i ® foi' some 7^ lUj G U{C-)-j. But then Wfc+„ Wn+iw = 
which means Wn+iv 0. This is impossible, since Verma module is free over 
UiC). m 

Next we prove irreducibility criterion analogous to one proved in [Zhj . and 
generalized in |R2) . 

Theorem 5.3 Module ^ q(x)L{c, h, hyy) is irreducible if and only if it is cyclic 
on every vector Vk 'Si v. 

Proof. We follow the proof of Theorem 3.2 in |R2) . The only if part is trivial. 
Assume Vj^ ^ ^('^^ ^' ^w) is cyclic on every Vk (8) v. Let U a submodule and 
^ a; G [/ homogeneous vector. Then 

X = Vrn-n 'S' Xq ^ Vm ® Xn 

for some xj G V{c, h, hw)j. We use induction on n to show there is Vk 'Si v & U 
for some k E 7^. If rt = 0, a:„ G Cv and we are done. Let n > 0. Our strategy 
is to act on X hy U (£) in order to 'shorten it' and apply induction. Recall 
WkVi = for any k, i. If WkXn 7^ for fc G N, we have 

WkX = Vm-n+k S>yo-\ h Wm ® Vn-k ^ 

where yj = WkXj+k G V[c,h,hw)j- By inductive hypothesis, now there must 
be some Vk ® v G U. Assume, therefore, that WkXn = for all A: G N. Since 
W\, W2, Li and L2 generate /7(£+), vectors LiXn and L2Xn can not both equal 
zero, for otherwise, Xn would be a singular vector in L(c, h, hw) other than v. 
But now we can follow the proof of Theorem 3.2 in | R2| . This completes the 
proof. ■ 

Define Un '■= C^(Vir)(w„ S v). Proof of Theorem 15.31 actuallv shows 

Corollary 5.4 Let M a nontrivial submodule inV^^^Q® L{c, h, hw). Then M 
contains Un for some n G Z. 

Module 1^ Q S) L{c, h, hw) is irreducible if and only if Un — Un+i for all 
n G Z. Since Li{vn S v) = —{n + a + 2/3) = Vn+i S v, we get Un ^ Un+i for 
n ^ —a — 2/3. To obtain the other inclusion, we need a subsingular vector. 

Lemma 5.5 Let k = ki + ■ ■ ■ kg for ki G N. Then 

k 

L-k, ■ ■ ■ L-ki [Vn ® W) = ^ Ui(Wn-j S V) 
i=0 

for some G t/(Vir_). 
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Proof. From ([1]) we get 

k 
i=0 

for < ji + ■ ■ ■ + jm = k — i. Next we show 

k — i 

Vn-i ® • • • L-j^V = E Xj{Vn-k+j ® v) (4) 

for some Xj G U{C-)-j. But since 

w„_i (g) • • • L-j^v (u„_i ® L-j^-i ■ ■ ■ L-j^v)+ 

+ (n - i + a + /? - iml3)vn-i-j^ ® ^-i^-i ' ' ' -^-ji^ 
we may use induction on m to complete the proof. ■ 

Theorem 5.6 Let uv G (c, ft., hw) a sub-singular vector such that u — ULp. If 
a + (1 — p)/3 ^ Z, module V'^ ^ q (8> i(c, /i, ft-v^) *s irreducible. 

Proof. For n G N, we need to find x G U{C) such that x{vn ® v) = Vn~i <8> v. 
Since = L^-pV + ^ WiL-k^ ■ ■ ■ L-kiV — 0, we have 

u{Vn+rp-l (E)V) = L''_p{Vn+rp-l w) + ^ WiL-k, ' ' ' i-fci (Wn+rp-1 "Xl 

where Wi G W_i, deg^ Wj > and < k < rp for fc = ki + - ■ ■+ks. From Lemma 
15.51 and the fact that uj{vk ® x) — Vk (?) wx, for w G W, we get yi G U{C-)rp-i 
such that 

rp— 1 

yiiVn+rp~l~i •S>V) = L'ip^Vn+rp-l (E> v) . (5) 

1=0 

Note that yo — u. Set A_,- := (n+(r— l + a+(l— and = nj=o~^ ^3- 
Then ^ becomes 

rp-l r-l 

E yi{Vn+rp~l-i <S) V) =^{-iy-'l .\AiVn+ip-l (E) L''_pV. (6) 
i=0 i=0 ^ ^ 

Next we want to ehminate components on the right side of ([5]), starting with 
Vn+[r-i)p~i ® L^-^p''^- Using induction, one can show 

I ff )^^Vn+^p-l®L\pV = 



1=0 ^ ' \ J = i 

r-l 



i=0 
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The right side of ©-([71) equals 



(9) 



, , i / V r — 1 

Coefficient with is {^"^2) ~ (r-i)(r-2) = "^^^ ^^^^ 



\ '■-2 / O 



r -2 



and the right side of ([S])-® is 

r-3 

r-ir-^ ( ( , ^ , , , , , , , 



In r — 1 steps we get 

(-1)^ (0) ipyy {r - C ) ^ " = " (n ^ ^ - 

= - +{r-j)p-l + a+{l~ p)l3)j Vn-i <S) v. 

Therefore, Xi G U{C) exist, such that 

rp—l I r—1 \ 

E ^» (^^n+rp-i-j ® = (n + (r - j)p - 1 + a + (1 - p)/3) w„_i (g) 

From condition a + (1 — ^ Z, foUows 

Un-l Q Un + ■ ■ ■ + Un+rp-l- (10) 

If a + 2/3 ^ Z we have J7„ i2 C^n+i so pH]) becomes J7„-i = C/„. Assume 
a + 2/3 = — /c. Then using Li and L2 we get 

■••2 C/fc-i 2 C/fe,C/fc+i 3 C/fe+2 ^ ••• 
and ([To)) shows [/„ C C/„+i for n 7^ A: — 1, Uk-i Q Uk + Uk+i- But then 

C/fe+2 C C/fe C [/fe+i = [/fe+2 

shows Uk = Uk+i and so C/„ C/„+i for aU n G Z. This completes the proof. ■ 
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Theorem 5.7 If a singular vector u' G W generates J{c, h, hw), module p q(E) 
L{c, h, hyy) is reducible. 

Proof. Just like in Theorem 15.21 we show [/„ 7^ Un^i- If a; e U(C) exists, 
such that x{vn (S) v) = Vn-i ® V, then we can find Xi £ U{C)-i such that 
Vn-i®v = Y.i=o ^i+i{'"n+i®v). Than Vn+k'S'Xk+iv = so Xk+iv = meaning 
X G U{C)u' . But since u' G W, we have Xk+i{vn+k ®v) — Qso this component 
of the sum is useless. Repeating the process we get a contradiction. ■ 

Theorem 5.8 Let uv G (c, h, hw) a subsingular vector such that u = L^_p. If 
a + (1 — p)/3 e module Vj^ ^ g ® L(c, h, hw) is reducible. There exists k G 7a 
such that Uk is irreducible. 

Proof. Since a is invariant modulo Z we may assume a + (1 — p)/3 — 0. From 
the proof of Theorem 15.61 we have 



for some x G U{C), so for n ^ {1 — 1 — 2p, . . . , 1 — rp} we get J7„ — Un+i- 
Now we prove Ui-jp ^ U-jp for j = l,...,r. We use the same reasoning 
as in previous proofs. Assume otherwise. Then y G U{C) exists, such that 
— V-jp ® V, i.e. there are yi G U{C-)-i such that 



But then ymV = 0. We may assume ym G U{C-)u because u'{vm-jp ®v) — Q. 
Let ym — zu, z G C/(£-)_(„i_,.p). Then 



On the right side, we get sum of z{vm-jp-i®Xiv) where i = . . .rp. However, 
since uv = 0, all the components Vm-jp (S> xqv add to zero. Like in Lemma [5.51 
we get Zi G U{C) such that 



However, this means that ym{i^m-jp ® v) is unnecessary in since it can be 
expressed with v„i-i-jp ® v, . . . ,Vm-rp-jp ® v (for some m > rp). Repeating 
the process, we get to y^-p ~ u. However, 





(11) 




rp 





(12) 
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because U_p{vi-jp ®v) = Q. Obviously, the right side of (IT^ can not produce 
V-jp ®v, leading to contradiction. Therefore, Ui-jp C U-jp. 
Module Ui-p is irreducible by Corollary 15.41 ■ 
Theorems 15.21 15.71 15.81 and 15.61 combined prove Theorem 15.11 
Note that Ui-p in Theorem l5.8l is irreducible module with infinite-dimensional 
weight subspaces. 

Corollary 5.9 Module ^ q (E) L(c, h, hw) contains an irreducible (not neces- 
sarily proper) submodule with infinite- dimensional weight subspaces if and only 
if, a subsingular vector u, such that u — L'^pV exists in V{c, h, hw)- 

6 Subquotients of a module V^i^q<S> L{c, /i, hw) 

Remark 6.1 Let Un/Un+i a nontrivial subquotient in ^ q L(c,h,hw)- 
Then 

Lk{v„ ®v) ^ Xvn+k ® w e Un+k ^ t/n+1, for k > 
Lo{vn ®v) = {h~n — a — l3)vn (S> v 

WoiVn (8) = Vn •S) WqV = hwVn 'Si V 

shows Un/Un+i is the highest weight module with the highest weight (c, /i„, hw), 
where /i„ = h — n — a ^ /3. From Theorem \2. 1\ follows that V{c,hn,hw) is 
reducible if and only if V{c, h, hw) is reducible. If that is the case, formula for 
a singular vector u' e W is the same in both modules, so u'{vn (E) v) — 0. This 
shows Un/Un+i is isomorphic to either to L'{c, hn, hw), or to L{c, hw) (see 
Corollary\3JM)- Of course, if hn ^ hw ("p+^^^^P"^^ + lii^ for all r e N, these 
two modules are the same, L{c,hn,hw)- Otherwise, the question is weather 

u{Vn Sv) e Un+l- 

Let us review subquotients found in Theorems 15.21 15. 7[ and 15.81 

Theorem 6.2 Verma modules V{c,h — a ~ j3 — n,hw) occur as subquotients 
in p Q S) V{c, h, hw) for any n 6 Z, with exception of n = —a if a G Z, and 
P = 0, and n = —a — 1 if a ^1 and /? = 1 . 

Proof. For any n e Z (with noted exceptions), Un/Un+i is the highest weight 
module with the weight {c, h ~ a ~ (3 — n, hw)- (If a + 2^ + n = then consider 
Un/Un+2 instead.) Let us prove, this module is free over U{C-). Note that 

Un+i — span {a; {vn+k ®v):x^U (£-) , fc > 0} 

and every x (wn+fe ® v) has a component Vn+k S xv ^ since Verma module is 
free over U{C-). Suppose Un/Un+i is not free. Then y e U{C-) exists, such 
that y{vn €5 v) G Un+i- But y{v„ (g) v) can not have a component Vn+k S) xv for 
k > 0, proving a contradiction. ■ 
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Theorem 6.3 // a singular vector m' G W generates J{c, h, hw), then modules 
L{c, h — a — l3 — n, hw) occur as subquotients in ^3 o ^(^^ ^' ^vi^) /"-"^ '^''^V 
n G Z, with exception of n = —a if a € 1i and P = 0, and n = —a — 1 if a G li 
and /3 — I. 

Proof. Follows from Theorem 15. 7[ Remark |6. II and the fact that L{c,h — a — 
P — n, hw) is a quotient of L'(c, h — a — /3 — n, hw)- ■ 

Theorem 6.4 // there is a subsingular vector u € V{c, h, hw) such that u = 
ULpV, and a-\-{l — p) l3 G Z, then L{c, h-\- {j — j3)p, hw) occur as subquotients in 
q(S> L{c, /i, hw) for j — 1, . . . ,r, with the exception of L{c, h, 0) in Vjj' 1 g (8) 
L(c,'/i,0). 

Proof. Follows from Remark |6. II and Theorem l5.8l ■ 

Remark 6.5 We expect existence of intertwining operators of type 

/ L{c,h + {r- P)p,hw) \ 
V£(c, 1-/3,0) L{c,h,hw)J 

what would prove Theorems \5.8\ and \6.4\ 

Corollary 6.6 q(E) L{c, 0,0) is irreducible if and only if a ^ 'E. If 2/3 — 1 ^ 
N, then 

(yo',,3,0 ® He, 0, 0)) /C/i - Lie 1 - /3, 0). 

Proof. (Sub)singular vector in L(c, 0,0) is L^iv so we apply Theorem 16.41 ■ 
Let 2/3 - 1 = r' e N. Then (vjj'^^ g ® L(c, 0,0)) /Uq is the highest weight 

module with the highest weight (c, -'-j-, 0). Assume there is a subsingular vector 
u G V{c, i^,0) (see Conjecture 13. 2ip . such that u = L^_iV and that Lk does 
not occur as a factor in u, for fc > 1 (see Conjecture I3.20p . Then u = {ULi + 
^[^Q^ WiL^_i)v for some Wi G W so 

r 

u{v-i (E)v) — ^(— l)'i!w_i_i (E) WiV. 

1=0 

Since L-i{vo ®v) = W-i{vq ®v) — 0, we get 

Uo span{a;(wfc ®v) : k en,x e U{C- \ {L^i,W-i}} , 

and every x(vk (S>v) has a component Vk®xv ^ 0. Then, obviously, u' {v-i®v) ^ 
so 
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Remark 6.7 Since intertwining operators of types 



( 



L(c, 1-/3,0) \ 
L(c, 1-/3,0) i(c, 0,0)7' 



and 



( 



L'(c,i^,0) 
L'(c,i^,0) i(c,0,0) 



ea;zst, t/iere are nontrivial C-homomorphisms 



V' 




7 Twisted Heisenberg-Virasoro algebra 

The twisted Heisenberg-Virasoro algebra is the universal central extension of 
the Lie algebra of differential operators on a circle of order at most one: 



It has an infinite-dimensional Heisenberg subalgebra, and a Virasoro subalgebra. 
Its highest weight representations have been studied in |Ar] and [B] . In this pa- 
per we focus on zero level case (trivial action of central element of the Heisenberg 
subalgebra), studied in p3|. These representations occur in the construction of 
modules for the toroidal Lie algebras jB2j . Our goal is to find irreducible rep- 
resentations with infinite-dimensional weight spaces. As is case with VF(2,2), 
we study tensor product of an intermediate series and the highest weight mod- 
ule, and use singular vectors in Verma modules to check irreducibility. However, 
there are no subsingular vectors in Verma modules over the Heisenberg-Virasoro 
algebra. Still, results are quite similar to those for W{2, 2) algebra when Heisen- 
berg subalgebra acts trivially on an intermediate series. We omit some details 
since most proofs are analogous to W{2, 2) case. 

Twisted Heisenberg-Virasoro algebra "H is a Lie algebra with basis 



Obviously, {i„, Cl : n £ Z} spans a Virasoro subalgebra, and {/„, C/ : n G Z} 
spans a Heisenberg subalgebra. Center of Ti. is spanned by {/q, Cl, C/, Cl/} 




{L„,/„ :nGZ}U{CL,CL/,C7} 



and Lie bracket 




23 



and, unlike W{0) in W{2, 2), J(0) acts semisimply on H. Standard Z-gradation 

H„ = CL„®C/„, neZ*, 

Hq = CLo ® C/o ® CC'l ® CC/ ® CCli 

induces a triangular decomposition 
as usual. 

Let J7 {H) a universal enveloping algebra. For arbitrary h, hj, cl, ci,cli € C, 
let I a left ideal in U['H) generated by {Ln, /„, Lq — hi, Iq — hjl, Cl — clI, Cj — 
Ci1,Cli — CliI ■ n G N}. Then U{H)/X is a Verma module denoted with 
V{cL,ci,CLi,h,hj). As usual, it is a free /7('H_)-module generated by the 
highest weight vector v :=1 +2, and a standard PBW basis 

{I-rn, ■ --I-m^L^nt ' ■ ■ L^.^V : > • • • > mi > 1, > ■ • • > > 1}. 

It has a unique maximal submodule J{cl, cj, c^i, h, hj), and a quotient module 
L{cL,ci,CLi,h,hi) = V{cL,ci,CLi,h,hi)/C{cL,ci,CLi,h,hi) is irreducible. In 
this paper we focus on zero level highest weight representations, i.e. c/ = case. 

Theorem 7.1 (|Bl) Let c/ = and cli ^ 0. 

(i) If ^% or = 1, then Verma module V{cL,0,CLj,h,hj) is irreducible. 

(ii) // G Z \ {1} then V{cl, 0, c^,/, /i, hj) possesses a singular vector u £ Vp, 

where p ^ \ -^ — In this case, a quotient module L{cL,0,CLi,h,hj) = 
V(c.L,Q,CLi,h,hi)/U{'H )u is irreducible. 

Define /-degree as follows: 

degj = 0, degj /_„ = 1, 

which induces Z-grading on U{H) and on V 

degj I_„i, ■ ■ ■ I-rniL-nt ' " ' L = S. 

For a non-zero x £ V given in standard PBW basis we denote by x its lowest 
non-zero homogeneous component with respect to /-degree. 

Also, let X = {/-nig • ■ • I-miV : nris > ■ ■ ■ > mi > 1}. By abuse of notation, 
we will sometimes consider I as a subalgebra of U{T-L-). We write V short for 

V'(cL,0,CL7,/l, /l/). 

Theorem 7.2 ([B]) Let u £ Vp a singular vector. // 1 - ^ = p g M, then 
u = L-pV. If 1 = p G N then u = I-pV and u £ VpHl. 
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Remark 7.3 If — — 1 = p G N, one can show that 

p-1 

u = wqv + '^^WiL^iV + L^pV, (13) 

i=l 

where Wi G U {'H-)p_^ 2. (Set r = 1 m Lem,m,a \3.15\ ) 

For example + -^I_i)v is a singular vector in F(ci, 0, c^/, /i, 0), and 
I^iv in V{cL,0,CLi,h,2cLi). 



Next we define an intermediate series. We take an intermediate series Vir- 
module Va,p and let /„ act by scalar. Let a, l3,F € C. V^,0,f is H-module with 
basis {vm '■ m G Z} and action 

LnVm = -(TO + a+ /3 + nl3)Vm+n, 
CLVm = CiVrn = CLiVm = 0. 

As with other intermediate series, Va^p^p — Va+k,i3.F for fc G Z. Also, Va^p^F is 
reducible if and only if a G Z, /3 G {0, 1} and F — Q. Define Vj.o.o '■— ^,o,o/Ct;o: 
^0 10 ®k^-i'C-Vk and V^^ ^ p := Va^p.F otherwise. Then ^ ^ are irreducible 
modules. 

It has been shown in [LuZj that an irreducible H-module with finite-dimensi- 
onal weight spaces is either the highest (or lowest) weight module, or isomorphic 
to some V^^p^p. 

Throughout this section we write short Af (c, /i, hi) for highest weight module 
M{cL,Q,CLi,h,hi). 

Now consider module V^^ i^ p ® L{c, h, hj). It is generated by {vm ® w : m G 
Z} where v is the highest weight vector, and has infinite-dimensional weight 
subspaces. 

Theorem 7.4 Let a,(3,F G C arbitrary. ^ p ® L{c,h,hi) is irreducible if 
and only if it is cyclic on every Vm v, to G Z. 

Proof. The proof is similar to W{2, 2) case fTheorem l5.3p . We take nontrivial 
submodule U, 

X = Vm-n '^xq -\ ® a;„ G C/ 

such that Xi G L{c, h, hi)i, and show by induction on n that Vk ® v £ U . If 
LiXn 7^ or L2Xn 7^ 0, we follow proof of Theorem 3.2 in |R2I . Otherwise it 
must be /ix„ ^ 0. 
If = 0, then 

hx = «,„-„+! ® hXi -\ h hXn ^ 
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and the proof is done. If F ^ we have 

71 n 
{ll - Fl2)x = W,„_„+,+i ®IlX^+Y^ Wm-n+j ® [if - Fl2)xi = 

i=l 1=2 
n-2 

= FVm+l ® hXn + X! '"m-n+i+2 ® {^FIiX^+i + {if - Fl2)Xi+2) 
i=0 

SO again, there is a vector in U with less than n+1 components, and by induction, 
there is some Vk ® v £ U . ■ 

We denotation by Uk submodule U['H){vk ® v) for any A; G Z. In order to 
prove irreducibihty of V"^ ^ ^ (g) L(c, h, hj), it suffices to show C/„ — Un+i for ah 
n. 

Theorem 7.5 Module Vj^ ^ ^ V{c, h, hi) is reducible. Modules V{c, h — a — 
/3 — n, hj + F) occur as subquotients, for any n G Z, with exception of n = —a 
if a € Z, and /3 = 0, and n = —a — 1 ?/ a S Z and /3 = 1. 

Proof. Analogous to Theorems 15.21 and 16.21 ■ 



First we consider case F = 0. 



Theorem 7.6 Let I — = p eN. Then ^ qI^i L{c, h, hj) is reducible if and 
only i/ a + (1 — p)(3 e Z. In that case {V^ /3 o ^' hi))/Ui-p is the highest 

weight module with the highest weight (c, h +p(l — /3), hi). 



Proof. The proof of irreducibihty is analogous to that of Theorem 15.61 for 
r = 1, since we have a singular vector ([TSll . Proof of reducibility is analogous 
to Theorem Em for r = 1. ■ 



Theorem 7.7 Let ^ -1 eN. Then ^ q (g) L(c, h, hj) is reducible. Subquo- 
tients Un/Un+i are isomorphic to L{c, h — a — f3 — n, hi). 



Proof. Analogous to Theorem 16.31 ■ 

Now we give a general result for arbitrary F, analogous to Theorem 5 in 

Theorem 7.8 Let 1 - ^ ^ p eN, and {h, hi) ^ (0, 0). If F is transcenden- 
tal over Q{a, {3, CL,CLi,h, hi) or F is algebraic over Q{a, l3,CL,CLi,h,hi) with 
degree greater than p, then V"^ ^ ^ ® L(c, h, hi) is irreducible. 

Proof. Since ^ we have 

/l(u„_l (g)v) ^ FVn W ^ 

SO Un C Un-l- 
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Let » = - 1. Then uEl. Since 

^ cli 

I~n ■ ■ ■ (Vn+p-l ®V) ^ F*Vn-l ® W H h Vn+p-1 ® I-jt ■ ' • I-j^V 

for ji + ■ ■ ■ + jt ^ P, we find u' e U{TL) such that 

u'(w„ u) = i^s(i^)w„_i ® W 

for some s{F) e Q{hi,CLi) [F], degs = p — 1. By assumption, Fs{F) ^ so 

Un-l C Un. 

Now let p 1 - -jiJ-. Then we apply ([T3l) . Since 

I-jt ■ ■ ■ I-j^L^i{vn+p ®v) ^ -F^{n+p + a + (3 ~ il3)vn (g) v+ 

k j 

+ X! ^' X! '""+P-j~i + Vn+p ® I-jt ■ ■ ■ I~jiL^^V 

I j 

(r) (r) 

where ji + ■ ■ ■ + jt = P — i and degj x)j — degj ' — r, we get 

u{Vn+p <S)V) ^ f{F)Vn <E)V + Vn+i ® ZiV 

i=\ 

for some Zi S U(H-)-i and polynomial f{F). Then we find u' G C^(H) such 
that 

u'ivn+i ® -y) = (g(F)n + r(F)) i;„ » w, 

where q{F),r{F) e Q(a, /3, h,hi,CL,CLi) [F], degq ^ p - 1, degr = p. Again, 
this shows Un-l Q Un- ■ 

Theorem 7.9 ^ p (E) L{c, 0, 0) is irreducible if and only if a ^ 1^. Moreover, 

iVip,F ^ L{c, 0, 0))/[/o ^ l^(c, 1 - F), ifP^l, 
{V^.^p ® L{c,0,0))/Uo -Vic,l, F). 

Proof. Let a ^ Z. Since L_iw = in L{c, 0, 0) we have 

L-i{vn ® = -(n + a)vn~i ® w 

which prooves f/„ = f/„_i for aU n, so p p ^ L{c, 0, 0) is irreducible. 

Now let a — {). We may set p = r = 1 in the proof of Theorem 15.81 to 
show reducibility of J7_i —V^ p p®L{c,Q,Q). In particular, C/q is an irreducible 
submodule. U^i/Uq is the highest weight module with the highest weight (c, 1 — 
[3,F) if /3 ^ 1, and U-2/U0 is the highest weight module of the highest weight 
{c,l, F) ii /3 — 1. It is left to prove that quotient module is free over U(H^). 
Since Uq is spanned with vectors x{vk (^v), where x S U{H- \ k E Z+, 

it follows that every vector in Uq has a component Vk ® xv for some fc > 0. 
Therefore, y(w-i ®v)^Uo for any y £ U{T-L-), so U-i/Uq is free, i.e. a Verma 
module. ■ 
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